Abstract. We establish some characterizations of the weak fixed point property (weak fpp) for noncommutative (and commutative) L 1 spaces and use this for the Fourier algebra A(G) of a locally compact group G. In particular we show that if G is an IN-group, then A(G) has the weak fpp if and only if G is compact. We also show that if G is any locally compact group, then A(G) has the fixed point property (fpp) if and only if G is finite. Furthermore if a nonzero closed ideal of A(G) has the fpp, then G must be discrete.
Introduction
Let E be a Banach space and K be a nonempty bounded closed convex subset of E. We say that K has the fixed point property (or simply fpp) if every nonexpansive mapping T : K → K (i.e., T x − T y ≤ x − y for all x, y ∈ K) has a fixed point. We say that E has the (resp. weak) fixed point property if every bounded closed (resp. weakly compact) convex subset K ⊆ E has the fixed point property.
It is well known that 1 has the weak fixed point property (see for example [28] ) but not the fpp (see [19] ). A well known result of Browder [7] asserts that if E is uniformly convex, then E has the weak fpp. Kirk [18] extended this result by showing that if K is a weakly compact convex subset of E with normal structure, then K has the fpp. As shown by Alspach [1] (see also [3, Theorem 4.2] and [4] ) the Banach space L 1 [0, 1] does not have the weak fpp (and hence not the fpp). In fact, he exhibited a weakly compact convex subset K of L 1 [0, 1] and an isometry T : K → K ( T x − T y = x − y for all x, y ∈ K) without a fixed point. In particular A(Z) ∼ = L 1 (T) does not have the weak fpp nor the fpp where T = {λ ∈ C; |λ| = 1} is the circle group with multiplication and Z is the additive group of the integers. On the other hand, as seen above A(T) ∼ = 1 (Z) has the weak fpp but not the fpp. Let G be a locally compact group and A(G) be its Fourier algebra. G is called an [IN] -group if there is a compact neighbourhood U of the identity such that x −1 Ux = U for all x ∈ G.
[IN]-groups properly include all groups in which the left and right uniformities agree. It was shown by Lau and Mah [21, Theorem 5] that if G is a compact group, then A(G) has weak * -normal structure and hence the weak fpp. More recently, Lau, Mah andÜlger [23] show that the converse is also true if G is either the direct product of a compact group and an abelian locally compact group, or G is a connected [IN] group. In this paper, we shall prove (Corollary 4.2) among other things, that if G is an [IN]-group, then A(G) has the weak fpp if and only if G is compact. In particular, if G is a discrete group, then A(G) has the weak fpp if and only if G is finite. This is proved by using noncommutative integration with respect to a trace on a von Neumann algebra. We also include some results from commutative integration. For A(Z) ∼ = L 1 (0, 1) it is known (see [19, p. 52] ) that a closed subspace has the fpp if and only if it is reflexive. We consider nonzero closed ideals in A(G) for a locally compact group G and show that if such an ideal has the fpp, then G must be discrete. We also show that if A(G) has the fpp, then G must be finite. A fortiori, this also holds for the Fourier-Stieltjes algebra B(G).
We shall use, among other things, results from [36] . There is, however, a problem in Remark 3.3 of [36] due to the fact that for a positive linear functional φ on a von Neumann algebra M and a projection P ∈ M the functional φ · P is not necessarily positive. As a consequence, there are gaps in the proofs of Theorems 3.4 and 3.5 in [36] . We therefore give modified versions for the remark and these theorems:
[36, Remark 3. 
[36, Theorem 3.4 * ] is [36, Theorem 3.4] with the additional assumption that M be semifinite.
Proof. Suppose τ is a faithful semifinite normal trace on M and R ∈ M is a projection which dominates no minimal projection. As in the first few lines of the proof of Lemma 3.1, there is a projection Q ≤ R with 0 < τ(Q) < ∞, and we may assume τ (Q) = 1, so φ : A → τ (QAQ) is a normal state on M (when extended to be linear continuous) with φ(Q) = 1. Now continue as in the proof of Theorem 3.4 of [36] with P replaced by Q. In the course of this, use [36, Remark 3.3 * ] to see that g(t) − g(s) = 2|t − s|.
[36, Theorem 3.5 * ] is [36, Theorem 3.5] with the statement "M is semifinite" added under point (c). The proof is as before, using [36, Theorem 3.4 * ] instead of [36, Theorem 3.4] .
In the text below, when we refer to 3. The second named author would like to thank Michael Cowling for fruitful discussions.
Some preliminaries
All topologies considered in this paper are assumed to be Hausdorff. Let K be a bounded closed convex subset of a Banach space E.
where diam (K) denotes the diameter of K. The set K is said to have normal structure if every nontrivial (i.e., contains at least two points) convex subset H of K contains a nondiametral point of H. A Banach space has weak-normal structure if every nontrivial weakly compact convex subset has normal structure.
A Banach space E is said to have property UKK (uniformly Kadec-Klee property) if for any ε > 0 there is a 0 < δ < 1 such that whenever (x n ) is a sequence in the unit ball of E converging weakly and satisfying inf{ x n − x m : n = m} > ε, then lim x n ≤ δ (see [17] ). As known [13] , if E has property UKK, then E has the weak normal structure and hence also the fixed point property.
A Banach space E is said to have the Radon Nikodym property (= RNP) if each closed convex subset D of E is dentable i.e., for any ε > 0, there exists an x in D such that x / ∈ co D\B ε (x) , where B ε (x) = {y ∈ X : x − y <; ε} and co K is the closed convex hull of a set K ⊆ E. (See [5] .)
A Banach space E is said to have the Krein-Milman Property (= KMP) if every closed bounded convex subset of E is the closed convex hull of its set of extreme points.
A measure space (X,
A weight on a measure space (X, F, µ) is a measurable function ω : X → [0, ∞]. By ωµ we then mean the measure defined by ωµ(A) = A ωdµ for A ∈ F.
Let H be a Hilbert space, and let A be a von Neumann algebra on H, A + be the set of positive operators in A, and A be its commutant. Let τ :
Let τ be a semifinite normal trace on A; let s(τ ) be the support projection of τ , i.e., s(τ ) is a central projection in A such that τ = 0 on I − s(τ ) A + and τ is faithful on s(τ )A. Let
Then A τ is an ideal in s(τ )A, and A ∈ A τ if and only if its absolute value |A| = (
) is a normed linear space which is isometrically isomorphic to a subspace of the predual space A * by the map φ :
3. Noncommutative L 1 and weak fpp
The following lemma is a simple consequence of [36] Proof. Since τ is semifinite, there exists a nonzero element A ∈ A + such that A ≤ P and τ (A) < ∞. By the spectral decomposition theorem, there exists a scalar λ > 0 and a nonzero projection Q such that λQ ≤ P. We then have τ (Q) ≤ (
Consequently we may assume (by replacing τ by
and Q also dominates no minimal projection. So τ restricted to the von Neumann algebra QAQ is a normal state. By Lemma 3.2 of [36] , there exists a projection valued measure E → P E from B into the projections in A such that 
Remark 3.2. a) The lemma in particular implies that, under the given assumptions, L 1 (A, τ) does not have the weak fpp. b) In the commutative case, the lemma means that for any localizable measure
In this special case we can actually do a little better, dropping the semifiniteness condition and the localizability assumption:
does not have the weak fixed point property.
Proof. By assumption, A itself is not a µ-atom, so there is some
. This can be seen with the help of Caratheodory's characterization of nonatomic separable normalized measure algebras without atoms (see [15, p. 173] ) and an argument involving the construction of a "coarser" σ-algebra
Let τ be a trace on a von Neumann algebra A. We say that A is τ -atomic if every projection P with τ (P ) > 0 dominates a minimal projection.
From Lemma 3.1 and known facts we obtain Proposition 3.4. Let A be a von Neumann algebra, and τ be a normal semifinite trace on A. The following are equivalent:
Proof. (1) =⇒ (2) is well known (see [8] ).
A * has the Radon Nikodym property, let S be the set of normal states in A * , and ext (S) be the set of its extreme points. Then as in the proof of Theorem 4 in [9] , if for each f ∈ ext (S), {π f , H f } is the representation of A induced by the GNS-construction, A is isomorphic to the direct sum ⊕B(H f ) taken over all f ∈ ext (S), where B(H f ) denotes the set of all bounded linear operators from the Hilbert space H f into itself. In particular, by the uniqueness of the predual of a von Neumann algebra [35, p.135 ], A * is isomorphic to the 1 -sum ⊕J(H f ), f ∈ ext (S), where J(H f ) denotes the space of trace-class operators on H f , which can be embedded as a subspace of J(H), where H is the Hilbert space direct sum of H f , f ∈ ext (S). By a result of Lennard [27] , J(H) has UKK. In particular, every subspace of J(H) has UKK. Hence (3) holds.
Implications (3) =⇒ (4) =⇒ (5) are well known (see [13] ). That (5) implies (6) follows from [1] . (6) =⇒ (7) Suppose A is not τ -atomic. Then there is a projection Q ∈ A with τ (Q) > 0 which does not dominate any minimal projection. The projection P = s(τ )Q has the same properties and τ is faithful on s(τ )A, so by Lemma 3.1
e., (6) fails to hold.
Remark 3.5. Since τ -atomicity of A amounts to atomicity of s(τ )A, the equivalence of (1) and (7) is already in [36] , Theorem 3.5, and so is the further equivalent condition.
is not a flat Banach space, and, if L 1 (A, τ) is separable, the still equivalent condition
(Here conditions (1) - (8) imply (9) without separability assumption, so separability is only needed for the reverse implication.) The equivalence of (1) and (2) for preduals of arbitrary of Neumann algebras is due to [9] . [31] , [25] and [20] for definitions) using Theorem 4.2 in the Appendix of [20] . Consequently, by [7] , L p (A, τ) has the weak fixed point property.
In the commutative case, Proposition 3.4 can be elaborated a bit, and the assumptions of semifiniteness and localization can be dropped: (
Proof. (1) =⇒ (2) follows from [36] , Theorem 3.5, since counting measure on I is localizable.
(2) =⇒ (3) is well known (see [10] ). 
Since only a countable number of B i,n is involved, we may represent all f n over one common sequence of (pairwise disjoint) µ-atoms :
almost everywhere, where for each n only finitely many α i,n are nonzero. We have (6) is known (see [13] ). (6) =⇒ (7) follows from [1] . (7) =⇒ (8) 
Remark 3.9. Since from [34] , p. 275 and p. 301, one can see that every L 1 (X, F, µ) is the predual of a (semifinite) von Neumann algebra (not necessarily L ∞ (X, F, µ); see [26] , p. 108), we may again add in Proposition 3.8 the equivalent condition (9) L 1 (X, F, µ) is not a flat Banach space.
The conditions (1) - (9) all imply the following condition and, if L 1 (X, F, µ) is separable, are equivalent to it: (10) L 1 (X, F, µ) is a dual space.
Let us also remark that, for the reason mentioned a few lines above, most of Proposition 3.8 could be concluded from the von Neumann algebra result Proposition 3.4, but the reader may find it convenient to read measure theoretic arguments for measure space results.
Finally, we note another condition which is equivalent to (1) - (9): (11) Every weakly convergent sequence in L 1 (X, F, µ) is norm convergent.
The implication (1) ⇒ (11) is Schur's Theorem (see [37] , p. 122). If (11) holds, no sequence can satisfy the hypothesis of UKK, so (11) ⇒ (4) holds.
Remark 3.10. Weights do not matter for the weak fpp except that they transfer the problem to a measure subspace: If ω is a weight on the measure space (X, F, µ),
, and the last space is isometrically isomorphic to In particular, if X is some (Lebesgue) measurable subset of R n , F is the collection of measurable subsets of X, and µ is Lebesgue measure, then L 1 (X, F, ωµ) has the weak fpp if and only if it is zero, which is equivalent to µ(A) = 0. On the other hand, for any weight ω on a nonvoid set Γ, the space 1 (Γ, ω) has the weak fpp.
A dual Banach space E is said to have the weak * -fixed point property (weak * fpp)
if any weak * -compact convex subset K ⊆ E has the fixed point property. It was shown by Lim [28] that 1 has the weak * fpp. The following is a strengthening of Lim's result and Remark 3.10. Proof. We know that 1 (Γ) satisfies Lim's condition [28] (see also [22] ), i.e., whenever f α is a net in 1 (Γ) = c 0 (Γ) * , with f α → 0 in the weak * -topology, and lim
for all g ∈ 1 (Γ). It follows that 1 (Γ, ω) also satisfies Lim's condition. So 1 (Γ, ω) has the RNP and weak * -normal structure (Lemma 4 in [22] ). Consequently it has the weak * fpp [28] .
Fourier algebra, Fourier-Stieltjes algebra and weak fpp
Let G be a locally compact group. We define C * (G), the group C * -algebra of G, to be the completion of L 1 (G) with respect to the norm
where the supremum is taken over all nondegenerate * -representations π of L 1 (G) as an * -algebra of bounded operators on a Hilbert space. Let C(G) be the Banach space of bounded continuous complex-valued functions on G with the supremum norm. Denote the set of continuous positive definite functions on G by P (G), and the set of continuous functions on G with compact support by C 00 (G). Define the Fourier-Stieltjes algebra of G, denoted by B(G), to be the linear span of P (G). The Fourier algebra of G, denoted by A(G), is defined to be the closed linear span of [14] for details).
G is called an [IN]-group if there is a compact neighbourhood of the identity e in G which is invariant under inner automorphisms; G is a [SIN]-group if there is a base for the neighbourhood system of e consisting of compact sets invariant under inner automorphisms (or equivalently, the left and right uniformities on G are the same; see [32] [32] ).
Theorem 4.1. Let G be a locally compact group with semifinite von Neumann algebra V N(G) (e.g. G unimodular). The following are equivalent:
(1) A(G) has the Radon Nikodym Property. Proof. This follows from the fact that A(G) has the weak fpp [23] and [8] . In the conditions (4) - (8) of the following theorem one may replace "G is type I" by "W * (G) is semifinite", as will be seen from the proof. Proof.
(1) ⇐⇒ (2) is in [7] , and (1) ⇐⇒ (3) follows from [34, Theorem 3.5] . The equivalence of conditions (1) - (8) Proof. This follows from [36, Theorem 4.11] and the above.
Fourier algebra and fpp
In this section, we shall study the fpp for the Fourier algebra A(G) of a locally compact group G and its closed ideals. We begin with the following useful observation.
Proposition 5.1. If a nonzero closed ideal I of A(G) has the fpp, then G has arbitrarily small compact open subgroups, i.e., G is totally disconnected.
Proof. For G discrete, there is nothing to prove; so we may assume that G is nondiscrete. Let I be a nonzero closed ideal of A(G) having the fpp, and let U be a neighbourhood of e. Since I = 0, there is a point x outside the zero set Z(I) = {y ∈ G|f (y) = 0 for all f ∈ I}. Using a translation (which is a linear isometry) we may suppose x = e. There is a positive definite function t with t(e) = 1 and compact support contained in U ∩ G\Z(I) (see [14] ). Let K = {g ∈ I|g positive definite, g(e) = 1}. Then K is a nonempty (e.g. t ∈ K) bounded norm closed convex of I.
Since h is nonzero in a neighbourhood V of e, we have t = 1 on V, so the peak set H = {y ∈ G|t(y) = t(e) = 1} is an open (and hence closed) subgroup of G contained in supp t.
So H is a compact open subgroup contained in U. Since U was arbitrarily chosen, the assertion follows. Proof. Since x ∈ V \V, the set Z −1 x intersects V, so there is some v ∈ V ∩ Z −1 x. In particular zv = x for some z ∈ Z, which proves the assertion. 
But also e ∈ U \V since (as seen above)
If f is a function on G, we write f Proof. Clearly t = 0 outside U. For v ∈ U we have For g ∈ G we denote by G(g) the subgroup generated by g. Proof. In the proof of Proposition 5.9 we used an ideal of A G(g) ∼ = A(Z) with finite zero set. By [33] or [6] , the complement of this set in Z contains a Λ(p) set for all finite p, so that for functions supported on this set, the norms in A(G) and in L 2 are equivalent. The set of these functions is a reflexive ideal in A(Z) ⊂ A(G) contained in I, and by [29] has the fpp. [19] .
Remark 5.13. In the case of Proposition 5.12, if I fails the fpp, there is an infinite dimensional (closed) ideal J ⊂ I having the fpp (see the proof of Proposition 5.11).
